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a b s t r a c t
In this paper we propose two approximation methods of conic section by quartic
Bézier curves. These are the extensions of the quartic Bézier approximations of circular
arcs presented in Ahn and Kim (1997) [1] and Kim and Ahn (2007) [10] to conic cases.
We also give the error bounds of the Hausdorff distances between the conic section and
the approximation curves, and show that the error bounds have the approximation order
eight. Our methods yield quartic G2 (curvature) continuous spline approximations of conic
sections using the subdivision scheme stated in Floater (1995, 1997) [5,11]. We illustrate
our results by some numerical examples.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Approximation of conic section by Bézier curve is an important task in CAGD (Computer Aided Geometric Design) or
CAD/CAM. In the recent twenty years, many works on the approximation of conic sections including circular arcs or quadric
surfaces by Bézier curves or splines with high order approximations have been developed [1–7].
Using geometric continuity, de Boor et al. [8] found the cubic G2 continuous approximation of planar curves having
optimal approximation order six. The approximation of circular arcs by Bézier curves of degree n, n ≤ 5,with approximation
order 2n was presented in many papers [1–3,9,5,6,10,7]. Floater [11] found the approximation of the conic section by
Bézier curve of any odd degree n having optimal approximation order 2n. Recently, Floater [12] presented the approximation
of the rational curve by Bézier curve with optimal approximation order 2n.
In this paper using the contact order of two curves [13] we present two approximation methods of conic sections by
quartic Bézier curves, which are the extensions of the quartic Bézier approximations of circular arcs presented by Ahn and
Kim [1], and Kim and Ahn [10] to conic cases, respectively.We also give the error bounds of the Hausdorff distances between
the conic section and the approximation curves, and show that the error bounds have optimal approximation order eight.
One of our methods is the quartic G2 end-point interpolation of the conic section, and the other is the quartic G1 end-
point interpolation. But, using the subdivision scheme stated in [5,11] both methods yield quartic G2 continuous spline
approximations of the conic section. We illustrate our results by some numerical examples.
In Section 2, we present two methods of the quartic Bézier approximation of the conic section and the bounds of the
Hausdorff distances between conic sections and approximation curves, which have approximation order eight. In Section 3,
we obtain the curvature continuous quartic spline approximation of the conic section and give some examples.
2. Quartic Bézier approximation of conic section
In this section we present two approximation methods of conic section by the quartic Bézier curves. The conic section is
represented in the standard rational quadratic Bézier form as
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r(t) = B
2
0(t)p0 + wB21(t)p1 + B22(t)p2
B20(t)+ wB21(t)+ B22(t)
where p0, p1, p2 ∈ R3 are the control points,w > 0 is the weight associated with p1, and Bni (t) is the Bernstein polynomial
of degree n given by
Bni (t) =
n!
i!(n− i)! t
i(1− t)n−i.
(Refer to [14,5,15].) Let b(t) be the quartic Bézier approximation curve of the conic r(t)
b(t) =
4∑
i=0
biB4i (t)
where bi, 0 ≤ i ≤ 4, are the control points.
Any point x ∈ 4p0p1p2 can be written uniquely in terms of barycentric coordinates τ0, τ1, τ2, where τ0 + τ1 + τ2 = 1,
with respect to4p0p1p2 : x = τ0p0 + τ1p1 + τ2p2. Consequently any function on4p0p1p2 can be expressed as a function
of τ0, τ1, τ2. Let f : 4p0p1p2 → R be a function given by
f (x) = τ 21 − 4w2τ0τ2. (1)
It is well known [16,17,5] that for t ∈ [0, 1], the point r(t) satisfies the equation f (r(t)) = 0.
For any planar curve c(t) inside4p0p1p2, Floater presented a sharp analysis for the Hausdorff distance dH(c, r) between
the curve c(t) and the conic r(t) as follows [5,11].
Lemma 1. Suppose that c(t), t ∈ [0, 1], is any continuous curve which lies entirely inside the (closed) triangle 4p0p1p2 and
such that c(0) = p0 and c(1) = p2. Then
dH(c, r) ≤ 14 max
(
1
w2
, 1
)
max
t∈[0,1]
|f (c(t))| |p0 − 2p1 + p2|, (2)
where dH(c, r) is the Hausdorff distance defined [18,11] by
dH(c, r) = max{max
s
min
t
|c(t)− r(s)|,max
t
min
s
|c(t)− r(s)|}.
In this paper we propose the method of quartic Bézier approximation b(t) =∑4i=0 B4i (t)bi having the control points
b0 = p0
b1 = (1− α)p0 + αp1
b2 = (1− β)m+ βp1
b3 = (1− α)p2 + αp1
b4 = p2
(3)
wherem = (p0 + p2)/2, and the error analysis using Eq. (2). For 0 < α, β < 1, the quartic Bézier curve b(t), t ∈ [0, 1], is
a G1 end-point interpolation of the conic r(t) and contained in4p0p1p2. The point b(1/2) lies on the line segment joining
two points p1 and m, and for all t ∈ [0, 1] the line b(t)b(1− t) is parallel to the line p0p2. Also b(t) has the barycentric
coordinates with respect to4p0p1p2,
τ0 = (1− t)2{(1− t)2 + 4(1− α)t(1− t)+ 3(1− β)t2}
τ1 = 2t(1− t){2α(1− t)2 + 3βt(1− t)+ 2αt2}
τ2 = t2{3(1− β)(1− t)2 + 4(1− α)t(1− t)+ t2}
(4)
which are symmetric, i.e., τ0(t) = τ2(1− t) and τ1(t) = τ1(1− t). Note that sincewe choose the control point b2 betweenm
and p1 in Eq. (3), τi, i = 0, 1, 2 have the symmetric property and the error function f (b(t)) is also symmetric with respect
to t = 1/2. It makes us obtain the implicit error bound as in Theorems 8 and 9. By Eqs. (1) and (4), we have
f (b(t)) = −4
{
(w2 − 1)(4α − 3β)2
(
t − 1
2
)4
+
(
−8w2α2 − 9
2
w2β2 + 9
2
β2 − 8α2 + 16w2α − 4w2
)(
t − 1
2
)2
+ 1
16
((4α + 3β)(w + 1)− 8w)((4α + 3β)(w − 1)− 8w)
}
t2(1− t)2. (5)
1988 Y.J. Ahn / Computers and Mathematics with Applications 60 (2010) 1986–1993
Thus f (b(t)) has zeros at t = 1/2 of order at least two if and only if
α = 2w
w ± 1 −
3
4
β.
Since α = 2w
w−1 − 34β goes to infinity asw approaches to 1, it cannot yield good approximation. We take
α = 2w
w + 1 −
3
4
β. (6)
Then b(t) has contact with the conic r(t) at t = 0, 1/2 and 1 with multiplicity at least two, respectively, and β is the unique
undetermined parameter, i.e., b(t) = bβ(t). Eqs. (5)–(6) yield
f (bβ(t)) = 4 · t
2(1− t)2(t − 1/2)2 · gβ(t)
(w + 1)2 (7)
where
gβ(t) = 4(w2 − 1)(3(w + 1)β − 4w)2 · t(1− t)
+ 9(w + 1)2β2 + 12w(w + 1)(w2 + w − 4)β − 4w2(3w2 + 6w − 13). (8)
Note that the approximation bβ(t) has the contacts with the conic r(t) at t = 0, 1/2 and 1 with multiplicity at least two,
since f (bβ(t)) has zeros at the points with the same multiplicity [11–13]. Thus bβ(t) is the G2 end-point interpolation of
r(t) if and only if f (bβ(t)) has zeros at t = 0, 1 with multiplicity 3, which is equivalent to the quadratic polynomial gβ(t)
having zeros at t = 0 and 1. By solving gβ(t) = 0, t = 0, 1 we get
β = 2w
{
4− w2 − w ± (w − 1)√(w + 3)(w + 1)}
3(w + 1) .
For j = 0, 1, we define
βj = 2w
{−w2 − w + 4+ (−1)j(w − 1)√(w + 3)(w + 1)}
3(w + 1) . (9)
Proposition 2. If β = β0 or β1, then bβ(t) has contact with the conic r(t) at t = 0, 1/2 and 1 with multiplicity 3, 2 and 3, in
order.
Proof. By Eqs. (7)–(9) we obtain
f (bβ(t)) = 64w
2(w − 1)3{(w + 2)∓√(w + 3)(w + 1)}2
w + 1 · t
3(1− t)3(t − 1/2)2.
Thus f has zeros at t = 0, 1/2, 1 with multiplicity 3, 2, 3, in order, and the assertion follows [11–13]. 
The quartic Bézier approximation bβ0(t) of the conic section is an extension of the quartic Bézier approximation of the
circular arc presented by Ahn et al. [1].
Proposition 3. bβ0(t) has smaller error bound than bβ1(t).
Proof. For all 0 ≤ t ≤ 1,
|f (bβ0(t))| =
64w2|w − 1|3{(w + 2)−√(w + 3)(w + 1)}2
w + 1 · t
3(1− t)3(t − 1/2)2 (10)
is less than
|f (bβ1(t))| =
64w2|w − 1|3{(w + 2)+√(w + 3)(w + 1)}2
w + 1 · t
3(1− t)3(t − 1/2)2. 
In Eqs. (7)–(8), bβ(t) has contact with the conic r(t) at t = 1/2 with multiplicity four if and only if f (bβ(t)) has zeros at
t = 1/2 with the same multiplicity [11–13]. They are also equivalent to gβ(1/2) = 0, and solving it we have
β = 2(w
2 − w + 2± 2(w − 1)√w + 1)
3w(w + 1) . (11)
For j = 2, 3, put
βj = 2(w
2 − w + 2+ (−1)j2(w − 1)√w + 1)
3w(w + 1) . (12)
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Proposition 4. If β = β2 or β3, then bβ(t) has contact with the conic r(t) at t = 0, 1/2 and 1 with multiplicity 2, 4 and 2 , in
order.
Proof. From Eqs. (7) and (12), we obtain
f (bβ(t)) = −64(w − 1)
3(w + 2∓ 2√w + 1)2
w2(w + 1) t
2(1− t)2(t − 1/2)4.
Thus f has zeros at t = 0, 1/2, 1 with multiplicity 2, 4, 2, in order, and the assertion follows [11–13]. 
The quartic Bézier approximation bβ2(t) of the conic section is an extension of the quartic Bézier approximation of the
circular arc presented by Kim and Ahn [10].
Proposition 5. bβ2(t) has a smaller error bound than bβ3(t).
Proof. For all 0 ≤ t ≤ 1,
|f (bβ2(t))| =
64|w − 1|3(w + 2− 2√w + 1)2
w2(w + 1) t
2(1− t)2(t − 1/2)4 (13)
is less than
|f (bβ3(t))| =
64|w − 1|3(w + 2+ 2√w + 1)2
w2(w + 1) t
2(1− t)2(t − 1/2)4. 
Proposition 6. The quadratic Bézier approximation curve bβ0(t) is contained in the triangle4p0p1p2, for 0 < w < w0,
w0 = 13
(
7+ (163+ 6√699i)1/3 + (163− 6√699i)1/3
)
≈ 6.259,
where i is the complex unit and the complex number (·)1/3 means the principal value.
Proof. By the convex-hull property [17], it is sufficient to show that 0 < β0 < 1, and the corresponding α ∈ (0, 1) for
0 < w < w0. By Eq. (9), we obtain
lim
w→0β0 = 0, limw→∞β0 = 1
and its first and second derivatives are
dβ0
dw
= 2
3
×
√
w + 1(2w3 + 6w2 + 3w − 3)− 2√w + 3(w3 + 2w2 + w − 2)
(w + 1)2√w + 3
d2β0
dw2
= −2
3
× 75w
5 + 645w4 + 2065w3 + 3375w2 + 3492w + 2124
(w + 1)3(w + 3)3/2 · D1 < 0
where D1 = 2(w + 3)3/2(w3 + 3w2 + 3w + 5) +
√
w + 1(2w4 + 14w3 + 33w2 + 39w + 24). Thus dβ0dw is monotone
decreasing and by
lim
w→0
dβ0
dw
= 8− 2
√
3
3
, lim
w→∞
dβ0
dw
= 0,
dβ0
dw is positive for w > 0. Hence β0 is increasing in w’s region (0,∞) and so the range of β0 is (0, 1) for w ∈ (0,∞), as
shown in Fig. 1(a).
Eqs. (6) and (9) yield
α = w
{
w2 + w − (w − 1)√(w + 1)(w + 3)}
2(w + 1)
and it has limits
lim
w→0α = 0, limw→∞α =
5
4
and the first and second derivatives
dα
dw
= −2w
3 − 6w2 − 3w + 3+ 2w(w + 1)√(w + 1)(w + 3)
2(w + 1)√(w + 1)(w + 3)
d2α
dw2
= −32w
5 + 277w4 + 902w3 + 1449w2 + 1224w + 468
2(w + 1)5/2(w + 3)3/2 · D2 < 0
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Fig. 1. (a) β0 (solid line) and corresponding α (dotted line). (b) β2 and corresponding α.
where D2 = 2w4 + 14w3 + 33w2 + 39w + 24+ 2(w + 1)5/2(w + 3)3/2. Thus dαdw is monotone decreasing and by
lim
w→0
dα
dw
=
√
3
2
, lim
w→∞
dα
dw
= 0,
dα
dw is positive for all w ∈ (0,∞). Hence α is strictly increasing in w’s region (0,∞). Since the equation α = 1 has the
unique root at w = w0 = (7 + (163 + 6
√
699i)1/3 + 37/(163 + 6√699i)1/3)/3, we have 0 < α < 1 for 0 < w < w0, as
shown in Fig. 1(a). 
Proposition 7. The quartic Bézier approximation bβ2(t) is contained in the triangle4p0p1p2 for 0 < w < w2, where
w2 = 7+
√
17
2
≈ 5.562.
Proof. Since
dβ2
dw
= 2
3
× 2(w
2 − 2w − 1)−√w + 1(w2 − 3w − 2)
w2(w + 1)2
is continuous and has the unique zero atw1 = 2
√
3+ 3 ≈ 6.464 inw’s region (0,∞), we have
dβ2
dw
> 0 (0 < w < w1) and
dβ2
dw
< 0 (w1 < w <∞)
as shown in Fig. 1(b). Thusβ2 is increasing inw’s region (0, w1) and decreasing in (w1,∞). Atw = w1, β2 has themaximum
4
√
3–6. By Eq. (12), we have
lim
w→0β2 = 0, limw→∞β2 =
2
3
.
Hence the range of β2 is (0, 4
√
3–6] forw > 0. Since 4√3–6 < 1, we have 0 < β2 < 1 forw > 0. Eqs. (6) and (12) yield
α = 3w
2 + w − 2− 2(w − 1)√w + 1
2w(w + 1)
and
lim
w→0α = 0, limw→∞α =
3
2
.
Since for allw > 0
dα
dw
= w
2 − 3w − 2+ 2(w + 1)√w + 1
2w2(w + 1)3/2 > 0,
α is strictly increasing in w’s region (0,∞). The equation α = 1 has the unique solution w = w2, and we have 0 < α < 1
for 0 < w < w2 = (7+
√
17)/2, as shown in Fig. 1(b). 
Theorem 8. For 0 < w < w0
dH(bβ0 , r) ≤
27
212
max
(
1
w2
, 1
)
w2|w − 1|3{(w + 2)−√(w + 3)(w + 1)}2
w + 1 |p0 − 2p1 + p2|.
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Fig. 2. (a) Conic section r(t) has the control points p0, p1, p2 and weightw. r1(t) and r2(t) are subdivisions of r(t) and join at shoulder point s. (b) Quartic
Bézier approximation bβ0 (t) of r(t) having the control points bi, i = 0, . . . , 4.
Proof. Since the polynomial t3(1 − t)3(t − 1/2)2 has the maximum 27/216 at t = 1/4, 3/4 in [0, 1], by Eqs. (2) and (10)
the assertion follows. 
Theorem 9. For 0 < w < w2
dH(bβ2 , r) ≤
1
28
max
(
1
w2
, 1
) |w − 1|3(w + 2− 2√w + 1)2
w2(w + 1) |p0 − 2p1 + p2|.
Proof. Since the polynomial t2(1− t)2(t − 1/2)4 has the maximum 1/212 at t = (2±√2)/4 in [0, 1], by Eqs. (2) and (13)
the assertion follows. 
Floater [5,11] showed that both qualities w − 1 and |p0 − 2p1 + p2| are O(h2), where h is the maximum length of the
parametric interval under subdivision. Using this fact we conclude that the quartic approximations bβ0(t) and bβ2(t) in
Theorems 8 and 9 have the optimal approximation order eight.
3. Comments and example
In this section we explain that our methods yield quartic G2 continuous spline approximation of conic section under the
subdivision scheme proposed in [5,11]. Assume that the upper bound of the Hausdorff distance dH(b, r) is larger than error
tolerance. Then subdivisions of the conic section are needed and the composite curve of the quartic Bézier approximation
curves becomes a quartic spline approximation. Let the quartic spline approximation cj(t) for j = 0, 2 be the composite
curve of the quartic Bézier approximation curves bβj(t) of the subdivided conic segments. Since bβ0(t) is the G
2 end-point
interpolation of the conic r(t), so is the quartic spline c0 for any subdivision scheme.
We consider the subdivision method such that any subdivision point of the conic is the shoulder point of the union of
consecutive conic segments as stated in [5,11,10]. Using the subdivision method, the quartic spline approximation curve
c2(t) is G2 continuous. To see it, without loss of generality, let the conic section r(t) be subdivided at the shoulder point s
into two conic segments r1(t) and r2(t), as shown in Fig. 2(a). Then ri(t) has the control points
p10 = p0, p11 =
p0 + wp1
1+ w , p
1
2 = s =
m+ wp1
1+ w =
p0 + 2wp1 + p2
2(1+ w)
p20 = p12, p21 =
p2 + wp1
1+ w , p
2
2 = p2,
and the weight wi = √(1+ w)/2 associated with the control points pi1 for i = 1, 2. (Refer to [16,17,5,11].) Note that
p11p
1
2 = p20p21 and the lines p10p22, p11p21 andm1m2 are parallel,mi is the mid-point of pi0 and pi2, i = 0, 1. Let b1(t) and b2(t)
be the quartic Bézier approximations of r1(t) and r2(t), respectively, using β = β2. Let bi0, bi1, . . . , bi4 be the control points
of bi(t), as shown in Fig. 3(b). By Eq. (3), b13b
1
4 = b20b21 and b13b21 is parallel to b12b22. Thus
κ1(1) = 3
2
× area(4b
1
2b
1
3b
1
4)
(b13b
1
4)
3
= 3
2
× area(4b
2
0b
2
1b
2
2)
(b20b
2
1)
3
= κ2(0), (14)
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Fig. 3. (a) Quartic Bézier approximation bβ2 (t) of r(t) having the control points bi, i = 0, . . . , 4. (b) Quartic Bézier approximations b1(t) and b2(t) of the
conic sections r1(t) and r2(t), respectively, having the control points b10, . . . , b
1
4 and b
2
0, . . . , b
2
4 .
where κ i(t) is the curvature of bi(t). (For the equation of curvature (14), refer to [19,8,17,10].) Hence the quartic spline
approximation c2(t) using β = β2 is G2 continuous.
For example, let the conic section r(t) be given with the control points p0 = (0, 0), p1 = (150, 120), p2 = (100, 0)
and weight w = 3, as shown in Fig. 2(a). The quartic Bézier approximation bβ0(t) has the control points b0 = (0, 0),
b1 = (99.09, 123.86), b2 = (112.92, 134.85), b3 = (116.52, 123.86), b4 = (100, 0), as shown in Fig. 2(b), and its error
bound is
dH(bβ0 , r) ≤ 4.01× 10−1
by Theorem 8. The quartic Bézier approximation bβ2(t) has the control points b0 = (0, 0), b1 = (100, 125), b2 =
(112.22, 133.33), b3 = (116.67, 125), b4 = (100, 0), as shown in Fig. 3(a), and its error bound is
dH(bβ2 , r) ≤ 2.87× 10−1
by Theorem 9.
If the error tolerance is τ = 0.1, then subdivision is needed. By the same subdivision scheme stated in [5,11,10], the
subdivision point is the shoulder point of the conic section, and r(t) is subdivided into two segments r1(t) and r2(t), as
shown in Fig. 2(a). Using β = β2, the quartic Bézier approximations b1(t) and b2(t) have the error bounds
dH(b1, r1) ≤ 7.39× 10−4 and dH(b2, r2) ≤ 6.26× 10−4.
The composition curve of b1(t) and b2(t) yields the quartic G2 continuous spline approximation c2(t) of the conic section
r(t), as shown in Fig. 3(b).
Also, our methods of quartic approximation of conic section can be extended to the biquartic surface approximation of
the rational tensor-product biquadratic Bézier surface satisfying the condition stated in [5,11], for instance, sphere or torus
approximation.
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